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A new method of simulating the atmospheric turbulent winds by filtering Gaussian white noise signals and
thereby generating signals that have the same second moment statistics as the atmospheric winds is presented.
The governing equations are developed for the two-level autospectrum for the turbulent-wind components. A
control system is modeled in which white Gaussian noise signals can be filtered, thereby generating signals with
the same two level autospectra as the turbulent winds. An example calculation using the Dryden Autospectrum,
an exponential coherence, and a linear phase angle is illustrated. The method is extended to include the two-
level cross-spectrum between orthogonal components as well, and the appropriate filters are developed.

I. Introduction

HE present investigation reports a new model for

simulating low-altitude wind turbulence. The model is
based on filtering Gaussian random noise signals in such a
manner that the output signals have the same statistical
behavior as the low-altitude wind turbulence. This model is
useful for several reasons. The model incorporates various
statistical wind data such as spectra, coherence, and phase
angle and pinpoints the type of wind data needed to refine,
test, and improve simulation techniques.

Since the model gives a functional form of the turbulent
wind components, various mathematical manipulations that
generate other functions of interest such as wind derivates can
be carried out. Also, since the model can be utilized to
generate numerical wind signals, the wind interactions with
various objects can numerically be evaluated. This allows
solutions to complex nonlinear stochastic problems that could
not be solved analytically.

The present analysis uses a number of Gaussian random
white noise signals which are passed through lagging filters
and shaping filters such that the three components of the
model signal have the same statistical characteristics as the
three turbulent wind components in a vertical plane. For
instance, the correlations between the turbulent wind com-
ponent at one arbitrary altitude with a turbulent wind
component at some other altitude will be the same as the
model signals generated for the two different altitudes.

A general discussion of methods for generating quasi-
random signals that simulate physical random phenomena is
given by Fichtl et al.! in Chapter 14. A report using a similar
approach to the present method was first reported by Fichtl
and Perlmutter.? Although the report was limited to one wind
component, the present report extends the resuits to three
turbulent wind components. .

A very complete study of low-altitude wind statistics and
their use in atmospheric modeling is given by Barr et al.? In
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their model, they discuss the wind simulation treated as a
homogeneous process at one level. The one-level spectra are
satisfied and the one-level wind components are obtained. To
account for changes in altitude of the aircraft the parameters
of the one level spectra are allowed to vary.

The present method- differs from that in Ref. 3 in that it
evaluates the entire turbulent field satisfying the correlation
between wind components at different altitudes. This is not
true in Ref. 3. The present method, however, does not require
solving for the entire turbulent field. The turbulence winds

" can be evaluated in a region along the aircraft trajectory, thus

giving the wind turbulence incident on the aircraft as a
function of time.

In Ref. 4, the interlevel correlation was taken into account.
The three components of velocity were evaluated at two
different altitudes. The three wind components at the two
different altitudes are treated as six separate signals with
known autospectra for each signal and known cross-spectra
between the signals. However, the present method is superior
in that it solves for the entire field as a continuous function
and is not limited to solving for specific signals at specific
altitudes.

In the following analysis, we will simulate the three tur-
bulent wind components in a vertical plane that contains the
aircraft trajectory. The wind turbulence is a stochastic
function of position but is not dependent on time. This is
Taylor’s frozen-turbulent-field hypothesis. This postulates
that if an aircraft moves through a turbulent field at a suf-
ficiently  high rate of speed, the change of the turbulent
components in time have a negligible effect on the statistical
behavior of the wind incident on the aircraft. We can
calculate the turbulent velocity components incident on the
aircraft as a function of time as the aircraft passes through the
turbulent field. Since the entire turbulent field in the plane is
known in the present model, it is possible to solve for the
turbulence incident on the aircraft as a function of time
whatever its trajectory is in the vertical plane. We could
similarly treat turbulent winds incident on structures by
considering that the turbulence is being carried past the
building by the mean wind.

In the following, we shall first derive the random wind
statistics that must be satisfied by the model. We shall then
model the three components assuming initially that the in-
terlevel cross-spectra between orthogonal wind components
can be neglected. This greatly simplifies the calculation since
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now each wind component can be modeled separately. This is
also a reasonable assumption as discussed in Ref. 3. We then
show that the functions that describe the frozen turbulent
field can be transformed to the turbulent wind components
incident on the aircraft as a function of time by using Taylor’s
hypothesis.

After describing some of the statistical data of atmospheric
turbulence that has been obtained and is used in the model,
some examples are carried out to illustrate the numerical
techniques for generating the random signals and to show that
the random signals do indeed have the appropriate spectral
behavior. The results are then extended to include the case in
which the cross-spectral quantities relating the orthogonal
wind components are included in the simulation. The analysis
of generating the wind signals for this case is carried out and
finally an example case is given to illustrate that the proper
spectral behavior is obtained for this case also. Details
concerning some of the discussed points are given in Ref. 5.

II. Definition of Problem

A one-dimensional Fourier decomposition  of the
u;(x,y,2,t) component of turbulence along the x axis (directed
along the mean wind vector) is given by

1 (t= .
u; (x,,2,t) = o S 4; (k,y,z,t)e**dk )
M —

where #; (k,y,z,t) is the Fourier transform of u (x,y,z,¢) at the
spatial frequency or wave number k(radm ~!). The inverse
Fourier transform is given by

+ o
ﬁi(k’y;z)t) = S ui (X)y)z)t)e_ikxdx ) (2)

The y and z axes are orthogonal to the x axis with the z axis
directed along the upward vertical. The turbulence energy
spectrum has been assumed sufficiently continuous to avoid
the use of the proper Fourier-Stieltjes integral form of Eq. (1)
(see Ref. 1). Since we are presently concerned with the tur-
bulence in the x-z plane at a given instant (frozen-field
hypothesis), we will not carry the y and ¢ along in this part of
the analysis. Let us construct the correlation function by
evaluating Eq. (1) at (x,,z;) and at (x,+rz;—4;) as
shown in Fig. 1. Multiplying and then averaging over the
ensemble we obtain

R (r,x,z;,2;) =<u (xz)u; (x+1,25) )

1 [+ .
= |tz iz

xexpli[(k—k’)x—k'rl}dkdk’ 3)

Note that when the subscripts are the same this does not
assume the summation convention. Since the analysis is
restricted to the case of a horizontally homogeneous tur-
bulence process the cross-correlation of the. Fourier am-
plitudes must depend only on r and therefore have the form

us
[Xq,24) 1 Uy r

u A (U3

1X2,2,5)
Uy

u
2
Fig.1 Two-point, three-component wind field.
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(2 B3k, 22) ) =6y (K,2,,22)8 (k" —K) (@)

where 6 (k' — k) is the Difac delta function and ¢ (k',2,,2;)
is the interlevel cross-spectrum. Combining the above then
gives

1 (= .
Ry(nznz) = o S_m ;(k.2,,2;) e dk ®)

We can express ¢,; in terms of a real and imaginary part

¢y=Cy—1Qy ©
where the real part, C;, is called the coincident Spectrum or
cospectrum and the imaginary part, Q;, is called the
quadrature spectrum or quadspectrum. ® .
The ¢; can also be specified in terms of the nondimensional
magnitude called the coherence coh; and phase angle 6;
namely '

¢U (k:Z1:ZQ)¢,"; (k,z~1,22)

coh;; (K,z2;,2,) = 7a
Y ez ¢ii(k,zl,21)¢jj(k,Zz,Zg) (7a)
Qi‘(k,ZpZz)

0, (k,z;,2,) =tan ~/ =L 7b
g (k2 22 C,(kzns) (7b)

where * denotes the complex conjugate so that

b (k.2;,2,) =19 (k.2;,2, ) (k,22,2;)

x coh; (k,2;,2;)) P expl - i (K,2;,2,)] ®

where ¢;; (k,z,2) is the one-level spectrum. Thus specification
of the functions ¢; (k,z;,2,), ¢;; (k,25,2,), coh;(k,z;,2;),
and 6;(k,z,,z,) where i,j have values 1, 2, 3 serves to
completely specify the function ¢;(k,z,,z,) and hence the
second moment statistics of ; (x,z). In the development that
follows we seek a filter such that upon input of white noise
signals an output v;(x,z) that possesses second. moment
statistics similar to the signal u; (x,z) will result.

III. Synthesis for Uncorrelated Components

Consider first the case where the cross correlations between
orthogonal wind components can be neglected. According to

. 1 D P
Fig.2 Controlsystem Ng o
model.
n— D1 P
®
®
[ ]
Np—- Dp o=

AH P>V
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Ref. 3 this is a reasonable assumption, as will be discussed
later. (The method of including the cross correlation when
necessary will also be discussed later.) When the cross
correlation between orthogonal wind components can be
neglected, then each wind component is modeled separately
with independently generated input signals so that the dif-
ferent wind components are uncorrelated. The model output
v; is generated to have the same statistics as the wind com-
ponent u,. That is, the simulated wind v; satisfies the ap-
propriate power spectrum, coherence, and phase angle over
the range of altitudes z for which we wish to simulate the
turbulent field. Since each component can be generated
separately for simplicity the subscript on v will be suppressed
in order to simplify the nomenclature.

mo(k,z;,2,)mo* (k,z;,2,)
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two point autospectrum me (k,z;,2,) as

me (k,2,,2,) =A2H(k,z;) H* (k,z,) f}

m=-p

XD, (k,z;) Dy, (k,z;) =A2¢H (k,z;,23) ¢5(k,2p,2,) (13)

f: DDy,

m=-~p

where

¢y=A’HH* and ¢,=

A. Coherence Matching

From Egs. (7a) and (13) we can write the model coherence
mcoh as

_ A4¢H(k:ZI:Zz)¢s (k,z,,z2)¢;§ (k,ZI,Zz)(b;(k,Z;,Zg)

mcoh(k,z,,2,) = =
122 m¢(k,Z1:ZI)m¢(k;Z2,Z2) A‘(b,.,(k,z,,zl)%(k,zl,zl )‘¢H(k,22,22)¢5(k,Z2,22) (14)
Since
bu(k2,2) 05 (K,2,,2,) _ Hkz )H* (k2)H (k2))H(kzp) _
¢H(k;ZI,Z1)¢H(k,Zz,Zz) H(k z])H*(k zI)H(k ZZ)H*(k z2
Equation (14) reduces to
¥4
( i Dm(k,ZI)D,*,,(k,zz))< ) D;‘(k,zI)Dp(k,zz)>
mcoh(k,z,,2,) = ——2 - (15)

(£ patkanpthe))( £ Ditkzbikz)

m=-~p f=-p

The one-dimensional Fourier decomposition of the random
process field v (x,z) is given as before by

1 f> .
v =5 | dtknenak ©

The control system model with which we plan to simulate
the wind turbulence u; is shown in Fig. 2. There are several
independent horizontally homogeneous Gaussian white noise
sources, the Fourier transform of the { th white noise process
being N, (k). This ¢ th noise passes through lag filters D, and
the output is summed over the noises to give a composite
process v, (k,z). The composite process v, (k,z) then passes

through a shaping filter AH(k,z) to obtaln the process °

v(x,z). Thus we can write

D .
0(kz) =AH(kz) Y, Dy(kz)N,(k) (10)
t=~p

where A is a constant multiplier that will be specified later.

Hence using several independent white Gaussian noises
passed through filters we can obtain the signal v which is to
have the same statistical characteristics as u. Multiplying Eq.
(10) by its complex conjugate evaluated at £’ and 22 and
ensemble averaging we obtain

(O(k,z;)0*(Kk',2,) =A°H (k,z;) H* (k’,2,)

X f: i: D,(k,z;) Dy, (k’,22)<Ny(k)N* (k7)) Ay

{=—p m=—p
White noise processes are statistically independent and their
Fourier transforms are orthogonal with unit spectral density,
hence
(N(KYNpy (k") y=8(k~k")dy, (12)

where 8,, is the Kronecker delta. We can then write the model

We shall now proceed to match the model coherence, one
level autospectra, and phase angle to the turbulent wind
values.

Note that the coherence is independent of AH (k,z) and is
only a function of the lag filters D,, (k,z). The shaping filter
AH (k,z) will be reserved for autospectra and phase angle
matching. Thus the functions D,(k,z) will be formulated so
that the model coherence, mcoh, will be equal to the turbulent
wind coherence, coh.

At this point, we shall specialize to a class of processes with
coherence functions dependent on difference in altitude
A, =2,—2,. The motivation for this is that the turbulence
coherence near the ground (z<150 m) appears to behave as
coh =exp(—a lkAl). This is given in Refs. 4 and 7. A method
of satisfying an arbitrary coherence function can be for-
mulated by assuming that D, (k,z) is a pure lead or lag. We
can then write

D[ (k,z) = C?eikzdg
(=1,2,...,p

Then we obtain the result

D_g(k,z) =C?e_ik2df
D,(k,z)=C, (16)

< p
Zf Dy (k,z;)D{(k,z,) =Cj+ E Ci(e~ikady 4 g +ikady)

f=-p =1

=C%+2 f C? cos(kAdy) an

=1
Notice that C, and d, are equal for D, and D_,. We similarly
obtain the result

p P
Y. Dik,z,)Dy(kz,) =C3+2 Y, Cicos(kad)  (18)
=—p =1

Thus we can see that

2
<05+2 e cos(kAd,,))
meoh(k,z;,2;) = = (19)

2
(c3+2 > c3)
=1
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As mentioned previously, the commonly assumed form for
the atmospheric coherence can be expressed as

COh(kA) ze—-aIkAl ='e—alel =e—aeolsl =e~ t£1/8g (20)

where e=kA, ¢, is the maximum value of kA =¢, over which
the coherence is significant and £ is equal to e/¢,, whereas
£,=1/ae,. The present analysis is not restricted to the ex-
ponential form of the coherence.

Equation (19) can now be written

mcoh % = ﬁ a, cos(mtk ] @1
=0
where
d, =i/, @2
and
C? 2C3 2C% 2C?
ao—_-'_o, a1=—1; Oy = 7 500y ap= (23)
s, Sp S8 Sp
where
s,=Ci+2 %) ©2 @49
—

To evaluate the values of C giving minimum error between
the model coherence mcoh and the wind coherence coh, the
error E can be written as

=S; ‘[mcoh'/"(g)——coh’/’(s)])dé (25)
=§; [(ga‘, costt) —coh” (&) | dé (26)

Using orthogonality «;, where oy refers to the values of «,
that will minimize the error E, can be found as

1
a,ﬁ=2go coh'/’(&’) cos(kng)dE k#0

1
o= So coh(%) '/’dé k=0 @2n

We can evaluate Eq. (27) and obtain the values of o, that will

best fit the coherence. If the coherence is an exponential as

given in Eq. (24) we can evaluate Eq. (20) and obtain -
af=28,[1—e /D]

45l = (—Dke~ 1]

P = 28
T T (k2aty) 2+ 1) @8
We can then write
Ci=a) 2C?=a] 2Ci=a} 2C2=aq, (29)
Then
5,=C}+2 i lori (30)

Note that the values of C; can be multiplied by an arbitrary
constant without changing the "coherence (Eq. (19).
Evaluating mcoh from Eq. (19) givés the resuits showr in Fig.
3 for different numbers of noise sources.

The model coherencein Fig. 3 can be seen to decrease with
increasing values of kA. Thus, as the separation distance A or
the spatial frequency k increase the coherence decreases. This
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result is to be expected since as the difference in altitude in-
creases one would expect the wind velocities at the two levels
to be mcreasmgly dissimilar, thereby having a lower
coherence. Also for the higher frequency, the eddies and
integral scales will be smaller thereby giving lower cohererice
for a given separation distance A. It can also be seén that a
reldtively large number of noises are needed to reduce the
model coherence down to that of the measured wind
coherence.

It can be seen iri Fig. 3 that the model coherence has a zero,
continuous slope at kA of 0. The commonly used exponential
fit- to the experimental data has a nonzero, noncontinuous

- derivative at kA of 0. It would seem in this case that the model

coherence more closely approaches the true situation than the
exponential fit since physical systems rarely have discon-
tinuous behavior.

Also shown in Fig. 3 are the vertical velocity component
coherence cohj; as well as a cross-coherence term coh,, which
will be discussed later.

This completes the coherence matching. We next proceed to
examine the one-point autospectrum.

B. One-Level Autospectral Density Matching

In this section, we seek to determine the simulation of the
one level autospectral function ¢(k,z,z) by the model
autospectral function m¢ (k,z,z). From Egs. (13), (17), and
{22) we can see that the two-point autospectrum is given by

mo (kz,,2,) = A? A (k,z)) B*(k,2) (cg +23) Cicos(ntt )
' . =1
Thus the one-point autospectrum at z is

me (k,z,z) = A2 H(k,z) H* (k,2) (05+2f: Cﬁ) @3
=1

If we 1th

A I
Als ————— == 32)

C3+2 ﬁ C?
=1

1.0

\
. 06 |- N
§ \ \ Model Coherence \
/ Number Of Noi
E {coh " ‘ \ Soure:rs oee -
01 :
é 0 \ \
04 - coh, ' \ \ 7]
£p=0.12 \
°°h33 \
{n=
02 b 0=0:146 N AN 4
S\
. =
n o=
0.0 . L
0.0 01 0.2 03
« .
= (k& )max

Fig. 3 Wind-turbulence coherence (coh) compared to model
coherence (mcoh) for different numbers of noise sources.
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we obtéin ’
b (k,z,2) =H(k,z) H*(k,z) (33)

where we have equated the model one-level autospectrum me
to the one-level autospectrum of the physical turbulence ¢.
Thus if we let

H(k,z) =M(k,z)e ~Ppka) 34
we can obtain
M(k,z) =¢" (k.2,2) 35

The phase angle 8, will be evaluated in the next section by the
requirements on the spectral phase angle 6.

C. Phase-Angle Matching

In this section, we develop the appropriate matching
between the model phase angle mé and the turbulence phase
angle 6. From Eq. (13) we can write the two-level autospec-
trum in polar form as

Im¢ (k,z;,2,) lexpf —imb(k,2,,2,) }
=AM (k,z,) M(k,z,) texp -6, (k.z;)
-0,(k,2,)]) to, (k.2;,25) ) (36)

Note that, since ¢, (k,2;,2,) is real (see Egs. (13) and (17)), it
therefore has a phase angle of zero.

As will be discussed later, the turbulence two-level
autospectral phase angle is usually taken in the form?

0(k,z1,22)=b11kA12 (37)

where b,, is some constant. Setting m6 equal to 8 in Eq. (37)
then gives

0(k,Ay=b; kA, =6, (k,2;) —8,(k.2;) (38)
Wecanlet 8, (k,z,) at some reference level z; equal zero then
8,(kz,) =0, (kD) = —0(kA,) = —b kA, (39)

This concludes the section on matching the two-level
autospectrum model to that of wind turbulence.

IV. Transformation to Vehicle Trajectory Turbulence

In the previous section we derived the turbulent frozen field
v(x,z). In aerospace applications we desire the turbulent
components along some aircraft trajectory [x,(#), z,(#)].
The x, and z, are the horizontal and vertical coordinates of
the vehicle at time #. Rather than generate the entire frozen
field and then pick out the turbulent components along some
trajectory we can transform variables so that the turbulence
encountered by the aircraft as a function of time can be
calculated directly as follows.

Since we can represent v(x,z) in terms of convolution
integrals in real space

p N
v%2) = Y T(%2)+Ni(x) (40)
t=-p

where I represents the filter
I (x,z2)=FT~'[AH (k,z) D;(k,2)] 41

and N, (x) is the white Gaussian noise. Then letting

t

x= Sa Vo (dt=x(t) z= SO Vv, dt=z(1) (42
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we would then obtain

v(t) = i I (x(2),2(1) ) «N,[x ()]

{=—p

thereby giving the turbulence ‘incident on an aircraft as a
function of time.

V. Gust Statistics

The information needed to implement the simulation
scheme ‘is the coherence coh;(k,z;,z,), the phase angle
6, (k,z;,2,), and the one-point spectra ¢;(k,z,z). The
following section discusses these functions.

A; One-Point Spectra

For low-altitude turbulence, it is generally accepted that the
turbulence is homogeneous in the horizontal plane over a flat
terrain, but nonhomogeneous with altitude. The turbulence
amplitude and scale therefore tend to vary with altitude.

Although for isotropic turbulence the correlations between
orthogonal components must be zero, a nonzero component
has been found to exist between the turbulence component in
the direction of the mean wind and the turbulence component
in the vertical direction, i.e., {(u;u;))#0. Experimental
evidence indicates that the only nonzero correlation between
different velocity components at the same point are between
the longitudinal and vertical components.?3 As is well known,
at high spatial frequencies the turbulence is isotropic. This
implies that the cross-spectrum term exists only at low spatial
frequencies. It is generally concluded that the cross-spectrum
has significant magnitude at frequencies too low to be im-
portant to the interaction of aircraft with the turbulent field.
At sufficiently high altitudes (generally above 1000 ft) the
turbulence can normally be considered isotropic.

In keeping with common practice we shall assume that the
isotropic shapes of the spectra hold for the nonisotropic
condition at low altitude but that the variance and the integral
scale vary. One spectrum form commonly used is the Dryden
spectrum given by :

_ 0;1 Ly
P (Lk) ) “
_of Lyl +3(Lyk)?]
2= 2x[14 (L k)22 “4)
2L, [1+3(L,k)?
=20 vl (L,k) ] @5)

21+ (L k)?2]?

The oy, o, are the mean deviations in the horizontal, vertical
component and L, L, are the integral scales for the
horizontal, vertical component. For level terrain, it was found
that the integral scale and the standard deviation for the two
horizontal components were equal,’ ie., o,=0,=o0,
L,=L,=Ly. The correlations in these cases are

R 2 ( | : ]) 46
=—2e¢eX -
"= &P L, (46)

o4 r r
Ra=gren(= |7 ) (=57 )
2T €Xp L, 2L, “n

) (-
B. Variance and Integral Scale

To determine the standard deviation ¢ or the integral scale
L, we assume, as is commonly done, a neutral atmosphere.

and

4

2
Ryy=—texp (- ) @
27

2L,
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For those applications where the turbulence at the higher
altitudes are not too significant, the vertical turbulence
standard deviation is given by Ref. 3. ’

0, =0.1061 0,, 49)

where 0,, is the wind velocity in knots at the 20 m level.
Typical probable values of v,, are shown in Fig. 4.

The horizontal standard deviation can be represented by
Ref. 3.

UU
o2 2<1000 ft
o= [0.177+ (0.823 z/1000)] (50)

g z>1000 ft

v

‘A plot of o /0, is shown in Fig. 5. Since o, is constant with
altitude, we can see that the horizontal standard deviation oy,
becomes smaller with altitude, implying that the magnitude of
the horizontal turbulent fluctuations become smaller with
increasing altitude. The vertical scale length is usually
assumed to be given by Ref. 3

z< 1000 ft

L = (z
v“\1000  z>1000 ft

That is, the eddy sizes are assumed to increase with increasing
altitude up to 1000 ft. This causes the magnitude in the spectra
to move toward smaller k with increasing altitude.

From the condition of local isotropy at low altitudes we can
obtain?

(51)

UH) 4
) L= < 1000 ft
L (g, vT [0.177+0.823(2/1000)] 2 ©
L=
1000 2>1000 ft

(52)
These results are shown in Fig. 6.

C. Coherence and Phase Angle

The coherence and phase angle are discussed in Refs. 2 and
4, and the same values will be used here. The values given in
Ref. 4 are

— 19 kAl
coh,, (kA) =exp(—————~) (53a)
27
— 13 kAl
coh,, (kA) =exp<w> (53b)
27
— 13 kAl
cohy; (kA) =exp<——~) (53¢)
2%

x

e

0 T
o

w

T 5 b

=)

-

<

[=1 15 |-

]

w

o

® 20
a

Z

2 25 |-

=

<

g 30 i | 1 | | | i
o 99.99 99.9 99 95 90 80 60 40 20 10
o~

>

CUMULATIVE PROBABILITY %
Fig.4 Mean wind cumulative probability.
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and
0, =kA, (54a)
022 =2kA,; (54b)
03; =2kA;, B (54c)
where
Ap=z2,—1,

VI. Results for Filtering Many White-Noise Inputs
The numerical procedure for generating the wind signal

using many independent white-noise inputs can be written as
follows. The wind signal at the z, level can be written as
d(k.z;) =AM (k.z;) (ColNy (k) +C, [e*=moN, (k)
re-kumloN _ | (k)] + C,le*27 /0 N, (k)
ek N (k). ) (55)
At level z,, we similarly obtain

U(k,z,) =AM (k,z;)e*812 {CyN,y (k) + C,[e*22™/0N, (k)

+e-kamoN_ (k)] + C,le* o N, (k)

+e-kemigN_ (k)]...} (56)
1200 1 T T T
1000 1

800

600

ALTITUDE 2 ft.

400

200

0 | | 1 |
1.0 1.2 1.4 1.6 18 20

MEAN DEVIATION RATIO oy /o,
Fig. 5 Description of horizontal turbulence variance.

12 ] T T T

1.0

0.8

1000 ft.
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Letting
N (k) =N, (k)ekzw<o;
Nj (k) =N, (k)e*/o
N7 (k=R (kye=eo;
Np () =N (e e 6D
Defining
A=A4,7/¢ 58)

we can then write
5(kzy) = ANI(h2,) (CoNy (k) +C, [ N (K)
+N2, ()] +Calet* N3 (k) + N, (k)]
+03[efk3XN; (k) +NLJ (k)] +...} (59)
and
0(k,z,) = AM(k,z,)e*412{CyN, (k)
+C[N; (k) +e™N", (k)]
+C,[Nj (k) +e* N, (k)]
+ G [N; (k) + N5 (k)] +...) (60)

The above can be Fourier transformed to

v(x,z;) =AM (X,2;) « {CONO (x)

+CIN; (x+N) + N, ()]
+Cy[N3 (x+20) + N2, (x)]

+ G [N (x+3N) + N5 (x)]+...} (61)

and for z,

v(%2;) =0 (x+4,,,2,)

where
v’ (X,2,) =AM (x,2,) {CoNy(x) + C; [N (x)
+N2, (x+N) 1+ C[N3 (x) + N7, (x+2N)]

+CIN; (x) + N3 (x+3N)] +...} (62)

Defining the lagged white npise as
N, (x) =N{(x+0) l (63)

we can theh write

0(%,2;) =AM(x,2,) » {CoNy (x) + C,[N; (x) + N (x)]

+ N, (1) +N2, (014 CIN; (1) + N5 ()] +...] (64)
and .
v/ (X%,2;) =AM(%,2;) + {CoN, (X) + C,IN] (x) + N_; (x)]

+C2[N2’(x) +N_ 2(x)]+C3[N§(x) +N_ j(x)]+...} (65)

Thus the numerlcal procedure would be to first generate a

Gaussian ‘white noise N;(x). The lagged noise signal N,(x)
can then be obtained by lagging Ny(x). Carrying out this
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process for the desired total number of noises and summing
them with the appropriate constant C, will give a summed
white noise signal. This is digitally convoluted with the
shaping filter M(x,z) to give the output wind signal after
appropriately lagging v’ (x,z,) as given by Eq. (62). The
resulting wind signals are shown in Fig. 7 for 23 noise inputs
at levels z; and z;.

In Fig. 8, the one-level autocorrelatlon signal for the 23
noise cases is shown as triangles. The theoretical results for
the autocorrelation does not change with a different number
of noise inputs.

In Fig. 9, the two-level autocorrelation results are shown
for the 23 noise cases as triangles. Also shown is the
theoretical two-level autocorrelation for the wind which from
Eq. (8) is given by

R(r,2),2,) =FT-! {[M2 (k2 ) M2 (k. 2,)

LN
e (=5, ) [ emier]

Number Of Data Points = 370 Number Of Noise Input = 23 Altitude = 500.00

- Number Of Data Points = 370 Number Of Noise Inputs =23 Altitude = 311.06

LONGITUDINAL VELOCITY v/av

L 1 i 1 1 1. i L N
o 2 . [ 8 10 12 14 16 18 xx

- Vo
P PVRIT CREY 77 - S CRNNIY - SRR CR Y

AXIAL DISTANCE x/L;
Flg. 7 Longltudmal velocity for 23 noise inputs.
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Fig.8 One-level autocorrelation.
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Fig. 9 Two-level autocorrelation.
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Fig. 10 Control system model for two-velocity~-component
correlation case.

This was obtained using a numerical inverse Fourier trans-
form as before and is shown as the open circles in Fig. 9. It
was found that for nine or more white noises the two-level
autocorrelation of the wind model signal falls close to the
theoretical wind result.

VII. Cross-Correlation Simulation

In the previous discussion, we assumed that all the cross-
spectral terms were negligible. However, this assumption may
not always be valid and in some cases it might be necessary to
account for the cross spectra in the simulation. Since the only
cross-spectrum term that was found to exist was between the
longitudinal and the vertical turbulence components {u,u;),3
the discussion will be restricted to this case, although the
method can be applied to all cross-spectrum terms. To
simulate u,, we model v, as before (see Fig. 10). The model
for v, is also shown in this figure. The output signals v; and
v; can be seen from the model to be given by

U, (k,2) =AH(z) ﬁ D, (k,z)N, (k) (66)

n=-p

s (k,z) =A,H, (2) i D,, (k,z) N, (k)

n=-p
+ A H, (k,2) i Dbn(k’Z)an(k)
n=-p

We can then write the interlevel cross spectrum between v,
and v; as
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me 3 (K,z;,2,) =AAH(k,z2,)H; (k,2;)

X f: D, (k,z;)D;, (k,z;) =mé,, (k,2,,2,) 67)

n=-p

where (N,N, > =0and ¢, n,=1.0

A. Cross-Coherence Matching

To match the cross coherence we begin by writing the model
coherence between output signal v, and v, as

me,;(k,2;,2,) mot;(k,z2;,2,)
me,;; (k,2;,2;) mo,,(k,z5,2,) .

mcoh,, (k,2,,2,) = (68)

Since coh,; (k,z;,z,) is the value to be modeled, we can
relate mcoh ; to mcoh,, by

mo,, (k,2,,2;)

mcoh,; (k,z,,2,) =mcoh,, (k,z;,2
13( 1242 1 1 2) m¢33(k,22,22)

(69)

It will be shown later in Eq. (94) that
mcoh,; (k,2;,2,) =mcoh,, (k,z;,2,)meoh ;3 (k,2,,2,)  (70)

This shows that the model interlevel cross coherence is a
product of two terms: the one-level cross-coherence
mcoh; (k,z,z) and the interlevel cross-coherence factor
meoh,, (k,2;,2,), which is the change in coherence due to
changes in separation distance. We can see from Eq. (70) that
whenz, =z,

mcoh,, (k,z,,2,) =1 1)
To find the factor mcoh,, (k,z;,z,) in Eq. (68) the model
coherence must equal the turbulent wind coherence, thus from

Ref. 4

coh,; (k,z;,2;)

coh,, (k,z;,2,) =
1a(b21,22) cohy; (K,2,,2;)

=exp(—a,kA) (72)
Then we require

mcoh,, (k,2;,z,) =coh,, (k,z;,2,) =exp(—a,kA) (73)
We can write using Eqs. (67) and (68) the result

(£ Dtz Dy than)

k=—p

mcoh , (k,2;,2;) = —
. 2 Dk(kﬁzl)Dz(k’zl))

k=-p

( f: D,’:(k,z,)Dak(k,Zg)>
k=2p (74

X
( > Dy (k2) D (,22) )

k=-p

Notice that the coherence is independent of A, H, which
can be reserved for the one point cross-spectra and phase
angle matching as before. Letting D, be pure leads or lags as
we did with D, in Eq. (16) we can write

D= C,exp(+ ikzdy) =12,...,p
D,_,=C exp(—ikzd,)

DaO = Cao (75)
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Then we obtain

P
Y Di(kz)Dikz,)
=-p

y4
=CyCup + 3, CiColexp(—ikAd)+exp(ikAd)]  (76a)

=1
=C,Chp+2 ﬁ C,C,, cos(kAd,) (76b)
=1

We then can write as in Eq. (19)

2
(c,,ca,,+2 ﬁ: C,.C, cos(kAd(,)>
meoh,, (k,z,,2,) = =1 a7

/ 2
(CoCur+2 ¥ cc)
=1

Then, as before

D
meoh /2 (k,z,,2,) = E a, costrt
=0

where
2 .
aao=_l.cﬁ’ ﬂl=%, aaz__._.%% (78)
Sq Sq Sy
where
§;=CyChp+2 ﬁ: C.C, (79)
=1

As mentioned previously, the interlevel cross-coherence can
be written as [see Egs. (20) and (73)]

coh,, (kA) =e 9%k =e~t/4 (80)

where
ga = I/aafo

Minimizing as in Eq. (26)
. ,
E,,=So [mcoh,, (£) —coh}/? (kA)]°dE (81)

Minimizing E, gives the minimizing values a,, which as in
Eq. (29) can be written as

0ty = 2£ 1ol — e~ 11%a0] (82)
J—(=1)le— /(20
o =4E 4 =0 2 ] (33)
[(fr28,) % +1]
We can then write as before in Eq. (30)
Qgp ) L
Co= , 2C,, = , 2C,,=—+... 84
a0 Co al C] 2 C2 ( )

where
5, =CyC,+2 i C.C,
=1
Thus we can evaluate C,, to minimize the error E,.

In Ref. 4 the interlevel cross-coherence factor coh,,
(k,z;,z,) is given by

. kA
cohy, (k,z;,z,) =exp (—162—7r ) =exp(—a, kA) =exp(—£/£,)
(85)
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By relating the value of £, to the previously used value of
£,=0.1, we have from Egs. (85) and (53a)

E,,=£a(£-) =o.1(§§)=0.12 86)

Shown in Fig. 3 is a plot of the interlevel cross-coherence
factor coh,, (k,z;,z,). We can see that it falls relatively close
to coh,; (k,z,,2,) . This result indicates that for simplicity we
could let C,;=C;, which would mean that mcoh,, would be
equal to mcoh;, as shown in Fig. 3. However, if coh,;, was
significantly different from coh,; then C,; could be evaluated
as indicated. It can be seen in the literature that the coherence
data have such a wide scatter that the assumption C,=C;
falls well within the range of experimental data.

B. One-Level Cross-Spectrum Matching

In this section, we seek to simulate the one level cross
spectrum, ¢,;(k,z,z). We can write from Egs. (67), (76b),
and (79) that when z, =z, =z, the result is

me 5 (k,z,7) =AAH (k,z) H:(k,z)s, 87)
Letting
A,=1/As, (88)
we obtain
me 5 (k,z,z2) =H(k,z2) H; (k,z) (89)

Letting, as in Eq. (35) ‘
H,(k,z) =M, (k,z)e"alk? (90)
we can obtain
mé,; (k,z,2) mo}; (k,z,2) = M? (k,z) M2 (k,2) o1
We can then write |

me ;s (k,z,2) mé7; (k,2,2)

MZ k,- = k, s =
a(l2) =M e (K:2,2) mo,; (k,z,2)

92

making the model spectra equal to wind spectra then allows us
to evaluate M, (k,z) using

b3 (k,Z,Z)¢73 (k,z,2)

M2 (k,z) = k,z,2) =
a( 2 m¢aa( &%) ¢11(k,Z,Z)

=coh,; (k,2,2) ¢33 (k,2,2) : 93

This also gives the relationship used earlier in Eq. (69). We
can see the spectrum mdo,, is directly related to the one-level
cross coherence. Notice that if coh;; (k,2,2) =0 then mdo,,
would equal zero implying that v, equal zero and the con-
nective element in Fig. 10 will not exist and the figure becomes
similar to Fig. 2 which is the uncorrelated case.

C. Cross-Phase Angle Matching

As before, we can write the model cross-phase angle from
Eq. (67) between arbitrary levels z, and z; as

ml 5 (k,25,23) =8, (k25) —0,(k,z3) = —0;, (kB ) —0,(kz5)
| 99)
where 0, (k,z,) = —0;,(kA;;) has been derived in Eq. (39)

and A, =z,—z;. Since the quad-spectrum of the one-level
cross spectrum is generally considered negligible,® ‘we can
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assume that 6,; will only have an interlevel effect and as
shown in Ref. 4 can be written in the form

0,5 (k,25,25) =b;3kAs, (95)

where A;, =2; —z,. We must now evaluate , so as to satisfy
Eqgs. (94). We can write, using Eqgs. (94) and (39)

0,(k,z3) =—0,, (k) —0,5(kA;;)
0, (kA3) = —b kd; —bskAs; 96)

Since 8, must only depend on separation distances Aj;,, by
letting b,;, = b,;, we then obtain

0, (kA3 =—b, kA 97

Note that for the present model it is required that the cross-
phase angle 6,5 (k,2,,2;) is equal to the longitudinal velocity-
phase angle 6,,(k,z,,z;) for the case where the cross
coherence is important. It is pointed out in the literature’ that
only very little data which scatters over a significant range
exists on phase angles so this assumption is not unreasonable.

This concludes the section on matching two level cross
spectra between the model and the wind turbulence. We must
now satisfy the vertical wind component interlevel
autospectrum.

VII. Vertical Velocity Two-Point Autospectrum
Simulation for Cross-Correlation Case

We must now satisfy the vertical velocity two point
autospectrum for the cross-correlated case. From the model in
Fig. 10, it can be seeen that the me;; (k,z,,2,) is given by

md)]j(k,ZpZz)=AiHa(ZI)H;(z2) i D,,,,(Z])D;,,(Zg)

n=-~p

+A}H,(z,)H} (25) i Dy (z,)Dpe(25)

t=-p
=mo,, (k,2;,2;) +moy, (K,2,,2,) (98)

Since we require the wind two-point autospectral to be equal
to that of the model

¢33(k,21»22) =m¢33(k,21:zz) ‘(99)

mcoh;; (k,2,2;)

_ H3(z;)Hj(z:)H}(z,)H;(2;)

NONHOMOGENEOUS ATMOSPHERIC BOUNDARY LAYER 1453

Let us assume that

JSa (k) H; (k,z) =H, (k,z)

Jo(kYH; (k,z) =H, (k,2) (102)
where f, (k) and f, (k) are real functions of k that change

slowly with z, are considered quasiconstant over z, and will be
defined more fully later. We can now write

p
5, (k) =Hy (62) [Afs () X Dy (KDIN, (k)

n=-p

S A0 Y Dy (kDN (k)] (103)

n=-p

We can write the two level autospectrum as

m¢33(k,z,,zz)=H3(k,z,)H}’(k,z2)[Af,ff,(k) i Dan(k,21)

n=-p

D;n(k’z2)+Ai~fi(k) ﬁ Dbn(k’Z])D;n(k:zz)] (104)

n=-p
Assuming as before
Dy=Cy, exp(ikzdy) =12,... (105)
Dy, _y=Cy exp(—ikzdy)
Dyy=Chy
we can write Eq. (104) as (as in Eq. 17)

m¢33 (k’zIJZZ) =H3 (k,Z] )H;(k’ZZ)

P
{Aifﬁ(k) [C§+2 E Cc2, cos(kAdp)]
=1
D
+ AL (k) [c§+2 Y ci cos(kAd()]} (106)
=7 N

A. Coherence Matching for Vertical Component
The two-point autocoherence is now given by

P P
({A 2f2(k)[C242 Y, C2 cos(kAdp)]} + [A LK) [CI+2 )] Cy cos(kAd()]})z
=1 =7

write

= (107)
H;(z;)H3(z;)H;3(2,)H} (22) 4 z 2
et e {[azci+2) col+|ainw cir2Y cn)]
=1 =1
Also since m¢,, is known from the previous section, we can This can be simplified greatly if we let
: 202 = 4202
Moy, (k,2,2;) =33 (k.2,,2,) —md,, (k,21,2,)  (100) A;Ca=A3Ch (108)
Thus one method for simulating #; would be to solve for 4, then Eq. (107) reduces to
D,,,, and H, as described in the previous Sec. III for the case 2 Z
where the autospectrum would be given by m¢,,. One : (COa +2 E Ca COSkAdr>
procedure for simulating v, is as follows. In Eq. (66), v; was mcohi§? (k,z;,2,) = =1 (109)

given as

03 (k,z) =A,H, (k,z) f: D,, (kz)N, (k)

n=—p

+A,H, (k,z) ﬁ D,, (k,2) Ny, (k) @101

n=-—p

P
(cga +2), cgp)
=1

This can readily be evaluated using the values of C,, found
previously. If we assume C,,= C,, then we obtain

mcoh 4? (k,z,,z,) =mcoh/}? (k,z,,2,) (110)
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From Eq. (53c), we can write as in Eq. (85)

13kA
cohjs; (kA) =exp<— S ) =exp(—a;kA) =exp(—£/&;)

Relating £; to £,, we can, as in Eq. (86), write

g:go(%) =0.1(%) =0.146

Figure 3 shows a plot of coh; (k,2;,2,). We see that it falls
relatively close to coh,; (k,2,,2,); therefore, Eq. (110) is not
an unreasonable assumption considering the scatter in the
experimental data.’

B. One-Level Autospectral Matching

"The one-level autospectrum from Eq. (104) can be written
as

y 4
mas; (k,2,7) = H, (k,2) HE (k,2) [Az <05+2 ) cg)][fg(k)
=1

+/3 (k)1=H; (k,z) H; (k,2) [f3 (k) +17 (k)] (111)
Using Eq. (102), this becomes

" b, (k2,2) = H, (k2)H: (k,2) + H, (k,2) H} (kz)  (112)
=mo,, (k,2,2) +mdy, (k,z,z) (113)

We can see from Eq. (102) that

- EES RS
From Eq. (113) |
Sty +fi (k) =1
Recalling Eq. (93) we obtain
72(k) =cohy; (k,2,2) (15)

This allows evaluation of f2(k). We have assumed f, (k)
varies slowly in z so that the change in f2 (k) is not significant
over the range (kA),..,. If coh; (k,z,z) is zero then f, would
be zero. This gives H, =0 and mé¢,, (k,2,2) = ¢33 (k,2,2), and
the model reduces to the uncorrelated case.

As before we can write

H, (k,z) =M, (k,z)e #sko - (116)
Then we can evaluate M, from
M, (k,2) = (¢33 (k,2,2) —md,, (k,z,2) ) %
= {33 (k,z,2) [/ —coh 5 (k,z,2)]} 7 117)

C. Phase Angle Matching .
To develop the appropriate matching between the model

phase angle mf;; and the turbulence phase angle 8;; we can
write from Eq. (106)
mly;(k,23,23) =03 (k,z;) —05(k,25) (118)

Thus we can write

03 (kAsz) = —03;(kA;,) (119)

ATAA JOURNAL

Since

fa(k)H3 (sz) =Ha (k)z)
and

£ (kYH; (k,z) =H, (k,2)
0, (kA) =6, (kA) =6, (kA) =0(kA) = —b,, (kA)  (120)

Thus for the present model, the phase angles for the vertical
component 0;; must be equal to the phase angle for the
longitudinal component 8,;,. As pointed out previously, as
shown in Ref. 7, the scatter in the turbulent phase angle data
is sufficiently large that refinement of this assumption is
unjustified.

IV. Conclusions

A method has been presented for modeling the three
components of the atmospheric wind turbulence in a vertical
plane so that the second moment turbulent wind statistics are
satisfied. The method is sufficiently general so that a wide
range of coherences, spectra, and phase angles can be in-
corporated that would allow simulation of a wide rnage of
different atmospheric conditions to be modeled.

Since the wind components are given in functional form,
various other quantities of interest such as wind derivatives or
probability distributions of turbulent wind amplitudes can
readily be obtained. ‘

The random turbulent field can be generated numerically
either as wind field impinging on an aircraft, balloon, a wind
power generator, or building as a function of time or as a
random frozen turbulent field. These numerical calculations
would allow strongly nonlinear interactions between the
turbulent random field and an aircraft to be calculated’
numerically. This would be difficult to achieve using more
conventional linear analytic techniques. )

The present model depends strongly on the availability of
good statistical wind data. The need for better coherence,
spectral and phase angle information for various atmospheric
conditions is indicated. This data would also be useful in
refining the present model or developing improved models.

The present method is not restricted to wind simulation but
is applicable to other problems related to multicomponent
multidimensional random fields.

Various possible extensions of the present analysis exist.
The present technique can be extended from a vertical tur-
bulent plane to a three-dimensional turbulent field. This
would allow more general wind turbulence-aircraft in-
teractions to be solved. Another interesting extension would
be to consider the case when, due to rough terrain or
buildings, the wind is no longer horizontally stationary.
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